
1. Introduction
Over the last half-century, the relationship between stream water solute concentration and discharge has been 
documented and interpreted within the hydro-biogeochemical literature (Figure  1). Concentration–discharge 
(C-Q) relationships have been quantified across diverse watershed settings, solutes, and spatiotemporal scales. 
Event-scale C-Q relationships can be used to identify source pools within watersheds (Rose et al., 2018; Vaughan 
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WR007i003p00591), where he compared six increasingly complex hydrological models, concluding the power-
law had the greatest explanatory power. Hall's analyses and conclusions, however, were based on a limited data 
set, with assumptions regarding water volume and storage, and used simple model selection criteria. While the 
power-law is applied widely, it has not been rigorously tested and evaluated in over 50 years. We reexamined 
Hall's original models across time scales using 8 years of high-frequency and weekly specific conductance 
data and evaluated model performance using more sophisticated model selection criteria. While we found 
the power-law analysis remains one of the best performing models, other models performed equally as well 
including the log-linear functional form. Model performance was similar at the sub-daily to weekly scale but 
varied with sampling method. More complex models performed poorly relative to simpler models and tended 
to underpredict concentration at flow extremes due to constraints in fitting model parameters to the observed 
data. While we conclude, based on the data analyzed here, that the power-law remains a suitable model for C-Q 
analyses, opportunities exist to refine and differentiate among C-Q models based on underlying assumptions of 
data distribution, recession analyses, and for applying models to reactive solutes.

Plain Language Summary Understanding how solute concentrations respond to changes in 
river flow remains a fundamental challenge in water resources science. Evaluating the relationship between 
solute concentrations and river flow (or discharge) can provide insight into how watersheds are structured 
and how they function. Concentration-discharge (C-Q) relationships can be used to estimate the rate of 
material export from terrestrial landscapes to surface waters. Many C-Q analyses use a power-law analysis and 
model to determine the response of C to variation in Q; yet this model and its embedded assumptions have 
not been rigorously tested following the development of water quality sensors that provide high-frequency 
data. Here we revisit eight mathematical models originally developed by Hall (1970, https://doi.org/10.1029/
WR006i003p00845) and Hall (1971, https://doi.org/10.1029/WR007i003p00591) that were initially evaluated 
with only 36 data points. We reexamine Hall's models using eight years of 15-min specific conductivity 
data and find that while the power-law model still is one of the best models to use in the evaluation of C-Q 
relationships. And overall, simpler models outperform more complex models. We discuss many of the 
assumptions, such as constant load, that underpin C-Q analyses to demonstrate that future studies could further 
parameterize C-Q analyses for more insight on the mechanisms driving solute-discharge relationships.
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et al., 2017) while weekly, seasonal, and annual C-Q relationships are commonly used to develop riverine flux 
estimates (Appling et  al.,  2015; Aulenbach et  al.,  2016; Preston et  al.,  1989). These coarser time scales are 
also used to characterize typologies of solute generation and transport within and from watersheds (Herndon 
et al., 2015; Moatar et al., 2017; Zarnetske et al., 2018). Given their relative ease of use and interpretability, C-Q 
patterns are widely applied across disciplines providing an integrative whole-watershed perspective on solute 
mobilization (Chorover et al., 2017). The advent of high-frequency sensing in concert with enhanced computa-
tional power, statistical analyses, and data visualization techniques has deepened the inferences derived from C-Q 
relationships (Fazekas et al., 2020; Hamshaw et al., 2018; Javed et al., 2021; Underwood et al., 2017).

One of the most widely applied C-Q analyses is the power-law relationship (C = aQ b), where C and Q are regressed 
in log-log space, and the parameters a (y-intercept) and b (slope) are derived. The origins of the power-law in C-Q 
analyses can be traced to two seminal papers by Francis Hall (1970, 1971, see also Johnson et al., 1969), with 
more recent influential papers (e.g., Godsey et al., 2009; Musolff et al., 2015) firmly establishing the power-law 
model as a standard approach for evaluating C-Q relationships. The power-law model has been widely used to 
describe the hydro-biogeochemical controls on material export, including dissolved organic carbon and nutrients 
(Fazekas et al., 2020; Speir et al., 2021; Zarnetske et al., 2018), sediments (Underwood et al., 2017), and geogenic 
ions (Godsey et al., 2009; Wymore et al., 2017). C-Q patterns are commonly classified into three primary catego-
ries: (a) enrichment or transport limitation where slope b > 0; (b) dilution or source limitation where slope b < 0; 
and (c) constant or chemostatic where the power-law slope is at or near zero.

While Hall's models (1970, 1971) provide the basis for our current use of power-law analyses, questions remain 
about the suitability of the model to describe solute behavior across hydrologic and environmental condi-
tions. Hall's original work developed six increasingly complex mathematical relationships between C and Q 
(Hall, 1970) and applied them to specific conductance (SpC) data using nine equations (Hall, 1971). Across the 
six models, Hall made assumptions regarding constituent load, inflow concentration, mixing and control volumes, 
and storage-discharge relationships. Of the nine equations, Hall concluded the power-law model performed best 
because of a high coefficient of determination (R 2) while being the most parsimonious model. Hall's conclusions, 
however, were derived from a small data set (n = 34) collected at a weekly or biweekly scale from February 
to November in a single year. Hall's models also invoked a power-law relationship between catchment storage 
and discharge (i.e., recession analysis; Brutsaert & Nieber, 1977; Kirchner, 2009), in turn making a simplify-
ing assumption about source water mixing that may not be appropriate for watersheds with complex storage 
zones  and dynamics. A subset of Hall's original models also assumed a chemical mass balance between inflows 
and pre-existing water storage, a parameter Hall termed C0. Many of the values used as parameter estimates were 
derived through a trial-and-error approach rather than empirically. As a result, Hall's evaluation of the utility of 
the power-law for describing C-Q behavior contains limitations and assumptions that have not yet been critically 
evaluated by leveraging increased data availability.

The analysis of decadal-scale (e.g., weekly grab samples) and novel high-frequency stream water chemistry 
and discharge data records is challenging the assumption that the power-law is the most appropriate analysis 
for evaluating C-Q relationships (Tunqui Neira et  al.,  2020,  2021). For example, non-linearities and signifi-
cant breakpoints in the C-Q relationship are often reported (Godsey et al., 2009; Ibarra et al., 2016; Marinos 
et al., 2020; Moatar et al., 2017; Speir et al., 2021; Underwood et al., 2017; Wymore et al., 2017), and long-
term data can yield low coefficients of determination and relatively poor model fits (Minaudo et al., 2019). The 
evaluation of high-frequency (15-min) solute data has also revealed temporal complexities including C-Q rela-
tionships that shift among positive and negative slopes and variable goodness-of-fit statistics over time (Fazekas 
et al., 2020; Zimmer et al., 2019). The evaluation of C-Q relationships at different temporal resolutions (e.g., 
daily vs. long-term composite analyses) leads to misclassifications of watershed C-Q behavior and typologies 
(Fazekas et al., 2020). The increasingly common detection of such complexities raises the question as to whether 
the power-law remains the most appropriate model for evaluating C-Q relationships.

Here, we revisit five of the six conceptual models originally proposed by Hall  (1970, 1971) to describe C-Q 
relationships (note that Hall originally proposed six models but eliminated one that he viewed as more suitable 
for separating two flow components than for modeling C-Q relationships). Our objective is to determine whether 
C-Q relationships are still best represented using the power-law equation given our contemporary ability to eval-
uate C-Q relationships across temporal resolutions while leveraging greater computational and statistical power 
(Fazekas et al., 2020; Javed et al., 2021; Underwood et al., 2017). We ask the following questions: (a) is the 
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commonly applied power-law model the best model for describing C-Q relationships in increasingly complex 
long-term and high-frequency data sets? and (b) does the most appropriate model vary depending on the temporal 
resolution at which C-Q relationships are analyzed? To evaluate the original models proposed by Hall, we used 
both long-term weekly and high-frequency SpC data from the Lamprey River in New Hampshire (USA)—one 
of the research sites used by Hall in his seminal papers. The high-frequency data allowed us to evaluate model 
performance across multiple time-steps including the original 15-min record, and downscaled daily, weekly, and 
monthly time intervals. We also compared model performance at the weekly scale using both lab-analyzed water 
samples (i.e., weekly grab samples) and values derived from the downscaled sensor data to evaluate whether 
sampling methodology influenced model performance. We predicted that Hall's power-law model would accu-
rately capture C-Q dynamics at longer time steps (e.g., weekly to monthly); however, more complex models 
would better capture the hydrologic variability controlling C-Q relationships at higher resolution time scales 
(e.g., 15-min).

2. Methods
2.1. Site Description

The Lamprey River is a sixth order river located in southeastern New Hampshire, USA (Figure 2). The Lamprey 
River has a mean annual discharge of 10,500 L s −1 and a median SpC of 146 µS cm −1. Contributions to SpC in 
the Lamprey River include chemical weathering of bedrock, application of de-icing road salts, and the deposition 
of sea salt aerosols (Daley et al., 2009; Lazarcik & Dibb, 2017). Land cover is dominated by mixed forests (72%) 
with the remaining area comprised of wetland (12%), developed areas (6%), and agriculture (3%; NOAA Coastal 
Change Analysis Program, 2016). Local lithology is comprised of gneiss, granite, metasedimentary and meta 
volcanic rock with a generally low presence of calcium carbonates. Additional site information can be found in 
Coble et al. (2018) and Wymore et al. (2021).

2.2. The C-Q Data Set

The US Geological Survey (USGS) measures discharge at 15-min intervals (site 01073500, 477 km 2 upstream 
drainage area; waterdata.usgs.gov). The discharge record includes measurements of flow during reservoir volume 

Figure 1. Concentration-discharge (C-Q) publications over time (1970–2021). Data are from Web of Science. Highlighted 
are seminal papers from Hall (1970, 1971), Godsey et al. (2009) and the special issue in Water Resources Research focused 
on C-Q relations in the critical zone. Inset (a) shows Figure 3 from Hall (1971) where the relationship between specific 
conductance (SpC) and discharge is modeled with six data points. The y-axis reads Conductivity, Micromhos at 25°C; the 
x-axis reads Discharge, Thousand Liters per Second. Inset (b) shows the relationship between SpC and runoff derived from 
a 5-year record of high-frequency data (n ≈ 44,000) from Koenig et al. (2017). Both data sets are from the Lamprey River in 
New Hampshire (USA).
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drawdowns. The main reservoir on the Lamprey River is approximately 32 river kilometers above the point of 
sampling. The reservoir is primarily used for recreation and releases are often in response to the protection of 
instream flows during periods of low flows. We removed reservoir drawdown events from the discharge and 
sampling record due to the artificial nature of these flows and their effect on SpC. Across all seasons from 
2012 to 2019, SpC was measured weekly using a handheld YSI 556 MPS multi-parameter probe (YSI, Yellow 
Springs, OH). High-frequency SpC data were collected for the same range of years using an EXO2 multipa-
rameter sonde (YSI, Xylem Inc., Yellow Springs, OH) equipped with hydro-wipers to prevent biofouling during 
extended deployments. Sensors recorded data at 15-min intervals, and were inspected, cleaned and recalibrated 
every 6 weeks (see detailed methods in Snyder et al., 2017). We followed standard data quality control practices 
(Campbell et al., 2013), including drift compensation, comparisons with laboratory-analyzed grab samples, and 
flagging, omitting, and/or gap-filling data deemed erroneous in the MatLab GCE Toolbox (Sheldon, 2015).

2.3. Model Overview and Parameter Derivation

A note about terminology: Our analysis focuses on five of the six models originally developed by Hall and 
the eight equations used to examine these models. When describing the methods and results reported here, we 
primarily use the term equations. We use the term “model fit” to describe the performance of each of the eight 
equations assessed by model selection criteria described below.

The equations developed by Hall leverage various mathematical techniques. Here, we briefly summarize these equa-
tions and explain relevant assumptions and the derivation of two key parameters. The parameter “C0” represents 
the concentration of the inflow to the control volume and can represent precipitation, soil water, or both (Godsey 
et al., 2009; Johnson et al., 1969), but is ultimately sourced from precipitation. The C0 term is included in equations 
2, 5, and 8 (Table 1). The second parameter “n” describes the storage-discharge relationship. All equations incor-
porate the recession term n. Equations 1–2 take the power-law form; equation 3 uses a log-linear form; equations 4 

Figure 2. The Lamprey River watershed in southeastern New Hampshire, USA. The Lamprey River mainstem is highlighted 
with a thick blue line with the sampling site (LMP73) indicated with a black circle and the wet deposition collector (TF2) 
represented with a gray square. Land-use land-cover data are from NOAA NLCD 2016.
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and 5 incorporate a stretched exponential equation, while equations 7 and 8 are described by a hyperbolic function 
(Table 1). Similar mathematical functions are differentiated by the inclusion of the C0 term (e.g., equations 1 and 2).

Representing a watershed as a single well-mixed control volume requires several simplifying assumptions 
(Godsey et al., 2009; Johnson et al., 1969; Seibert et al., 2009). First, the equations evaluated here do not account 
for any spatial heterogeneity and assume that hillslope and riparian zone characteristics are homogeneous above 
the point of sampling. Second, it is assumed that precipitation inputs largely infiltrate soils with no preferential 
flows. Thus, the assumption is that discharged water interacts with unsaturated and saturated soils and reflects 
a combination of soil water and groundwater that has mixed with and/or been replaced by water added to the 
control volume. Hall defines this water as inflow (Hall, 1970, 1971), which is represented by the parameter C0, 
defined as the solute concentration in the inflow.

The equations outlined by Hall (1970) are centered on a single control volume with some quantity of storage 
(S) which contributes to river discharge (Q). A power-law relationship between Q and S is prescribed so that 
Q = k * S n, where k and n are constants. Water in this control volume has a solute concentration (C) and the prod-
uct of C and total stored water equals the load (L), or total solute mass in the system (where L = C * S). Various 
treatments of the load term enable different representations of the relationship between C and S (e.g., equations 1 
and 2 (Table 1) where L is held constant so that C ∝ S −1). Hydrologic inflows are manifested as changes in S, and 
a solute C for inflows (C0) is incorporated by modifying the L equation (e.g., equation 2 (Table 1), L = (C − C0) * 
S). Equations describing C-S and S-Q relationships are combined by substitution of S, yielding a C-Q relationship.

2.3.1. Concentration of Inflow: The C0 Term

Three of Hall's equations include a value for the C0 parameter (Table 1). In Hall's implementation of C0, SpC 
was set to either 0 (equations 1, 3, 4, 6, and 7) or within 50–100 μS (μS cm −1) (equations 2, 5, and 8). For these 
equations, Hall used values that were iteratively estimated by a trial-and-error and linear regression approach and 
deemed feasible based on the unique geochemistry of the Sleepers River watershed in Vermont, USA (Hall, 1971).

For the Lamprey River, we quantified C0 based on three sources of conductivity, including wet deposition (i.e., 
precipitation), soil pore water, and river water at baseflow, which we assumed to be associated with groundwa-
ter inputs. We used these values to constrain variability in the inflow concentration. Wet deposition samples 
were collected weekly year-round from Thompson Farm (43.11°N, 70.95°W) located within the Lamprey River 
Hydrological Observatory (Murray et al., 2022; Wymore et al., 2021; Figure 2). The Thompson Farm deposition 
collection site is 23 m above sea level, 20 km from the Atlantic Ocean, and surrounded by mixed deciduous and 
coniferous forests and agricultural fields (Figure 2). We used a wet-only atmospheric deposition sampler (N-CON 
Systems Company Inc.; Model 00–120) located on a 30 m walk-up tower. Samples were retrieved approximately 
every seven days and returned to the University of New Hampshire to be analyzed for SpC using a handheld YSI 
556 MPS multi-parameter probe (YSI, Yellow Springs, OH). The mean SpC in wet deposition samples during 
the study period (n = 181) was 9.7 ± 7.8 µS cm −1 and was used as the initial C0 in equations 2, 5, and 8 (Table 1).

We also used two other empirically derived SpC values for C0 (soil pore water, groundwater) in a sensitivity anal-
ysis to understand how model performance responded to variability in inflow concentration (additional details 
below in Section 2.4.1). Specific conductance from soil pore water was derived from an array of soil sensors 
located at Thompson Farm that measure electrical conductivity (EC) and temperature at the surface, 15 and 
30 cm every 15-min using a Campbell Scientific CS655-L 12 cm Soil Water Content Reflectometers (Campbell 
Scientific, Logan, UT) and an ECH20 Soil Moisture Sensor 5 TM (Decagon Devices Inc., Pullman, WA, USA). 
This instrument measures bulk soil EC, but we assume that data are representative of soil pore water which 
contributes the majority of bulk EC. Soil EC data were trimmed to the same record as the river data and were 
converted from EC to SpC by SPC = EC/(1 + 0.02 * (Soil Temp − 25°C)). Specific conductance values were 
averaged across depths and time to derive an integrated C0 soil value of 591 ± 310 µS cm −1.

As an estimate of the contribution of groundwater to river SpC we used the minimum SpC associated with 
river baseflow, which we defined as flows with an exceedance probability of 99%. To calculate the exceedance 
probabilities, we ranked all discharge values from the period of observation for this study. The minimum SpC 
associated with the 99th flow percentile or greater was ∼220 µS cm −1.

2.3.2. Recession Analysis: The “n” Term

Recession analysis is a hydrological modeling technique used to infer changes in watershed storage from meas-
ured changes in Q (Brauer et al., 2013; Brutsaert & Nieber, 1977; Jachens et al., 2020; Kirchner, 2009; McMillan 
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et al., 2014; Sujono et al., 2004). The parameter n included in Hall's equations (Table 1) is derived from Q recession 
analyses (Hall, 1970, 1971; Snyder, 1969) and describes the nonlinear relationship between Q and S. The recession 
parameter n can be functionally defined as equal to 𝐴𝐴

1

(2− 𝑏𝑏)
 , where b is the slope of the −dQ/dt ∼ Q relationship plotted in 

log-log space (Kirchner, 2009; Teuling et al., 2010). To mitigate the potential obfuscating effects of precipitation (P) 
and evapotranspiration (ET), we followed the approach of Kirchner (2009) and used a technique that isolates periods 
of a Q time series where Q >> P, ET (Kirchner, 2009). These criteria constrain our recession analysis in three impor-
tant ways. First, we assumed that in a humid catchment like the Lamprey River, ET fluxes were minimized at night 
(Kirchner, 2009); therefore, we excluded periods during the day (5:30 to 19:30). Second, to reduce the influence of 
P, we excluded Q data points with non-zero P during the previous 12 hr as recorded by a matched hourly P data set 
(Kirchner, 2009). Hourly P data were obtained from the Climate Reference Network (CRN; GHCND: USW00054795; 
NH Durham 2 SSW; NOAA National Centers for Environmental Information, 2001). Lastly, to avoid the influence 
of snowmelt as a delayed P input, we limited the recession analysis to May through October when minimal snowpack 
was observed at the site. Removing time periods with P or snowmelt also served to limit the analysis to periods when 
saturation-excess overland flow conditions are minimized and return flow is an insignificant percentage of Q, which is 
a key assumption of the recession analysis described above (Kirchner, 2009).

We employed a variable time-step approach to determining the parameter n, where dt at time t is incrementally 
increased, starting at dt = 1 hr, until the modified dQ (dQ = Q(t) − Q(t − Δt)) was greater than 0.001 * mean Q, 
a threshold meant to approximate the measurement precision of the discharge gage. The resulting dQ/dt value 
was then paired with mean Q across the same time interval. The central tendency of the recession plot was found 
by binning the points into ranges of Q that span at least 1% of the logarithmic range in the data set if the standard 
error of ln(dQ/dt) is less than half the mean dQ/dt in the bin (Kirchner, 2009). The binned data were fit to a power 
law function dQ/dt = a * Q b using a linear regression weighted by the inverse of standard errors for each bin, and 
the slope b is converted to n.

2.4. Model Fitting

We fit the eight C-Q equations (Table 1) to several different SpC and Q data sets from the Lamprey River. We used 
SpC collected weekly during routine sampling from 2012 to 2019, and 15-min SpC data collected using in-situ 
sensors during the same 2012–2019 period. We fit each C-Q equation to three additional data sets derived from the 
15-min sensor data by downscaling 15-min sensor data to daily, weekly, and monthly frequencies. To derive the 
downscaled data sets, we randomly selected a specific conductivity measurement at the appropriate frequency using 
the function “slice_sample” from the “dplyr” package (Wickham et al., 2021; v. 1.0.7) in R (v. 4.1.1). The random 
samples were limited to measurements made between 8:00 and 16:00 to align with the grab samples collected 
during daytime hours. For the weekly and monthly data sets, the random samples were further limited to samples 
measured between Monday and Friday. To assess model fit sensitivity to the random sampling for the downscaled 
data sets, we derived 10 different iterations of the reduced data sets. We then fit the C-Q models to each data set 
using nonlinear least squares with the function “nls” in R. To evaluate model performance, we used repeated k-fold 
cross-validation with 10 folds using the “vfold_cv” function in the “rsample” R package (Silge et al., 2021; v. 0.1.0). 
We calculated the root mean square error (RMSE) for each model as the standard deviation of the model residuals 
and used RMSE values to assess model performance where lower values reflect better performing models.

2.4.1. Sensitivity Analysis

We conducted a sensitivity analysis to determine whether the models responded differently to a C0 derived from 
wet deposition compared to soil pore water or groundwater inputs. We refit each equation where C0 was included 
as a non-zero term (i.e., equations 2, 5, and 8) with the three C0 values derived from soil pore water and baseflow 
(Section 2.3.1) using the 15-min sensor data.

3. Results
3.1. Range and Central Tendencies of Lamprey C and Q Data

Grab sample SpC ranged from 39 to 256 µS cm −1 with a mean of 145 ± 39 (Figure 3a). High-frequency SpC ranged 
from 79 to 250 µS cm −1 with a mean of 151 ± 34 µS cm −1 (Figure 3b). Discharge paired with the grab sample data 
set ranged from 69 to 79,004 L s −1, while Q paired with the high-frequency data ranged from 60 to 92,313 L s −1. 
Sampled Q in the Lamprey River ranged across the 4th to 95th percentiles (Figure S1 in Supporting Information S1). 
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Comparatively, the data set used by Hall  (1971) included SpC values that 
ranged from 110.5 to 317.1 µS cm −1 with a mean of 204.0 ± 54.2, and discharge 
ranged from 66.65 to 9,599 L s −1. Discharges sampled by Hall in the Sleepers 
Rivers catchment span the 25th to 80th percentiles (Figure S1 in Supporting 
Information S1).

3.2. C-Q Model Performance

We found a general pattern of similar performance among the first three 
C-Q equations (power-law, power-law  +  C0, and log-linear; Table  1) at 
the mid-ranges of measured Q (Figure 4). Equations diverged at the lower 
and upper ranges of Q (Figure 4). Model fits for equations 1, 2, and 3 were 
visually indistinguishable, fitting the data better than all other models at the 
extremes of Q, but displayed variable behaviors of over- and under-predicted 
C at the upper and lower Q ranges (Figure 4 and see model residuals in Figure 
S2 in Supporting Information S1). Equations 4–8 all over-predict C at the 
middle range of Q while under-predicting at both low and high values of Q.

Equations 1–3, which have fewer unknowns and thus did not require the exter-
nally derived recession n parameter for fitting, had nearly identical RMSE 
values (Figure  5). Equations 4 and 5 had similar RMSE values and were 
consistently higher than equations 7 and 8. RMSE values for equations 4, 5, 
7, and 8 were approximately 25% greater than the RMSE values for equations 
1–3. Equation 6 had the highest RMSE values of all eight equations.

3.3. Influence of Sample Frequency on C-Q Model Performance

Model performance slightly decreased with reduced sampling frequency for 
the sensor-derived data (Figure 5, Table S1 in Supporting Information S1). 
Although the differences were minimal, the pattern of increasing RMSE 
from 15-min to monthly sensor data was consistent across the eight equa-
tions. Error surrounding mean RMSE values also increased with downscaled 
sampling intervals. The full 15-min sensor-derived data set consistently had 
the lowest RMSE values (Equations 1–3: 20.3–20.7 µS cm −1). Downscaled 
sensor data to the weekly and monthly time-interval, however, did produce 
larger confidence intervals around RMSE values, demonstrating that uncer-

tainty surrounding model performance is sensitive to temporal resolution. The greatest difference in model 
performance occurred between the sensor-derived data sets and the weekly grab sample data set. The RMSEs for 
equations 1–3 of the weekly grab sample data set (27.1–27.4 µS cm −1) were on average 34% greater than those of 
equations 1–3 of the full 15-min sensor-derived data set.

3.4. Sensitivity Analysis of C0

We refit each equation where C0 was included as a non-zero term (i.e., equations 2, 5, and 8) with the C0 
values derived from wet deposition (9.7 µS cm −1), soil pore water (591 µS cm −1) and baseflow (220 µS cm −1; 
Section 2.3.1). Mean RMSE values were lowest when using the C0 associated with wet deposition for all three 
equations (Figure  6). Using the higher C0 values increased means RMSE values 68%–69% for equation 2, 
10%–16% for equation 5, and 17%–28% for equation 8.

3.5. Recession n

The weighted linear regression between log(−dQ/dt) versus log(Q) for the Lamprey River (Figure 7) produced a 
recession slope b = 0.86 ± 0.01 which corresponds to a power-law Q-S slope of n = 0.877. When applied to equa-
tions 1 and 2, this result corresponds to a C-Q power-law slope b = −1.14. However, fitting the C-Q data to equa-
tions 1 and 2 and solving for n as an unknown yielded much higher n values than from recession analysis. Fitting 
C-Q data using regression for equation 1 yields a b slope of −0.132 corresponding to n = 7.6, while equation 2 

Figure 3. Specific conductance (SpC) and discharge data from the Lamprey 
River from 2012 to 2019. SpC data were collected (a) weekly as grab samples 
as part of long-term monitoring or (b) every 15 min with a YSI EXO in situ 
water quality sensor.
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yields a b slope of −0.137 corresponding to n = 7.31. All other models contain more than two unknowns includ-
ing n, and therefore required that n be used as a pre-defined input and not be determined from regression.

4. Discussion
4.1. The Power-Law Model Is Robust, But Discerning Differences Among Models Remains Challenging

The increase in data availability and computational technology did not fundamentally alter our understanding of 
the appropriateness of the current applications of C-Q analyses and models. To the best of our knowledge, the 
results reported here represent a much needed rigorous and comparative test of the power-law model to evaluate 
C-Q relationships and the conclusions presented by Hall. Our analysis addressed several of the limitations to 
Hall's original approach by increasing sample size by approximately 8,000×, examining model performance 
across time intervals, and by including data across all four seasons and multiple years. We also applied more 
robust model selection criteria and a sensitivity analysis to input parameters. We empirically quantified two key 

Figure 4. (left) Specific conductance and discharge data from the Lamprey River from 2012 to 2019 used in the nonlinear least squares model fits (right). Axes are 
log10-transformed. Data sets consisted of all data from the weekly grab sample data set, all 15-min sensor data, and three additional data sets derived from the 15-min 
sensor data by randomly sampling at daily, weekly, and monthly time scales. Plots on the right display best fit lines for each model equation (Table 1). Open circles 
overlaid on the best fit lines are raw data binned (Section 2.3.2) to improve visual clarity.
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parameters, including inflow concentration (C0) and storage-discharge relationships (n) using site-specific data in 
contrast to Hall's trial-and-error approach to parameter estimation. Even with this more robust approach, results 
still support Hall's conclusion that the relatively simple power-law is one of the best performing equations for 
modeling C-Q relationships. Our results, however, differ from Hall's in that the eight equations separated into 
two clear groups based on model performance: equations 1–3 and equations 4–8. In Hall's original analysis, 
these eight equations were nearly indistinguishable based on coefficient of determination with a mean value of 
0.908 ± 0.01. In the analysis presented here, the first three equations, which are represented by the power-law, 
power-law + C0, and log-linear forms, all perform equally well regardless of sample collection time interval or 
sampling method—high frequency sensor versus manual grab sample.

Distinguishing model performance between the first three equations may 
depend on other parameters that covary with Q. The likelihood of other 
predictors of C is reinforced by the often-reported poor model fits and low 
coefficients of determination indicating a low percentage of the variability 
in C is explained by Q (Minaudo et al., 2019). Catchment hydrologic transit 
time impacts solute concentrations in rivers (Maher & Chamberlain, 2014), 
and the relationship between transit time and discharge can be highly vari-
able (Torres & Baronas, 2021). It remains unclear, however, whether C is 
controlled directly by transit time, or whether transit time simply co-varies 
with another potential causal driver of solute dynamics (e.g., discharge or the 
mixing of chemically distinct flow paths). The isotopic signature of some 
solutes (e.g., silica) can be remarkably stable even though transit time distri-
butions and flow pathways can be highly variable (Fernandez et al., 2022). 
Similar values in Q can also be generated by variable ecohydrological condi-
tions with different corresponding values of C (Bol et al., 2018), which is 
a defining feature of storm-based data and hysteretic analyses (Evans & 
Davies,  1998). The mixing of different water and solute sources will also 
create variability in C. The fractional contribution of different solute reser-
voirs over time and events of different magnitude and duration will create 
variability in C (Kurtz et al., 2011). Mixing effects may be especially strong 
for reactive solutes which vary seasonally due to the phenology of biological 
processes. The fact that we did not identify one single equation to adequately 

Figure 5. Root mean square error (RMSE) of each nonlinear least squares model fit for each data set (G: grab sample; S: 
sensor). RMSE were estimated using 10X-repeated 10-fold cross-validation. For data sets derived from the full 15-min sensor 
data set (S-daily, S-weekly, S-monthly), we repeated the cross-validation for 10 random iterations of the reduced data sets. 
95% confidence intervals are plotted but are often obscured by the point size.

Figure 6. Root mean square error (RMSE) of nonlinear least squares model 
fit to the 15-min sensor-derived data using the three different C0 values (9.7 
µS cm −1: wet deposition; 220 µS cm −1: baseflow; 591 µS cm −1: soil pore 
water) for equations where C0 was included as a non-zero term. RMSE were 
estimated using 10X-repeated 10-fold cross-validation. 95% confidence 
intervals are plotted but are too small to be observed at this scale.
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represent C-Q relationships may be further evidence that Q alone is not the 
best predictor of C at the watershed outlet.

Based on the analyses presented here, it is difficult to evaluate when and 
where these different functional forms (e.g., Equation 1 vs. 3) are most appro-
priate. Logarithmic transformations are common in the analysis of environ-
mental data and many C-Q assessments adopt the power-law and log-log 
approach without clear statistical justification. While the rationalization for 
applying the log-log model has a physical basis and interpretation (Godsey 
et al., 2009), it may underperform in certain situations. For example, in the 
assessment of multiple base cation C-Q relationships from the Hydrologi-
cal Benchmark Network the power-law did not always provide the best fit 
(Godsey et  al.,  2009). Yet, there are relatively few examples of log-linear 
analyses (i.e., Equation 3) in the C-Q literature, although log-linear relation-
ships have been used to predict solute fluxes in montane tropical streams 
(McDowell & Asbury, 1994) and characterize carbon export regimes across 
catchments in Patagonia (Perez-Rodriguez & Biester,  2022). The transfor-
mation of both concentration and discharge data may not always be appro-
priate to meet the assumptions of normality given the distribution of the 
data (McDowell & Asbury, 1994). While it is common for discharge data 
to vary across multiple orders of magnitude, for many solutes, concentration 
rarely varies by more than a single factor of ten (e.g., Godsey et al., 2019; 
Walling, 1975; Wymore et al., 2017). The data set used here aligns with this 

Figure 7. Binned recession plot showing mean values for −dQ/dt and Q using 
long-term data from Lamprey River USGS station (01073500). Standard 
errors in gray. Log-log linear regression shown with black line.

Figure 8. Histograms of (a) concentration and (b) discharge data across the time steps and sampling methods analyzed. Center solid lines represent the median and 
dashed lines the interquartile range. G is grab sample data and S is sensor data. S-Daily, S-Weekly, and S-Monthly are downscaled data from the S-15-min record.
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observation and the assumption of equation 3—that C varies little relative to Q (Figure 8). The log transformation 
of both variables may be more appropriate in systems that experience large changes in C. For example, in tropical 
montane systems sediment concentrations and discharge can span similar multiple orders of magnitude (Wymore 
et al., 2019). A more rigorous test to distinguish the application and performance of the first three equations will 
require data sets with diverse statistical characteristics and in watersheds where the assumptions underlying the 
C-Q framework (e.g., mixing dynamics) can be contrasted and tested directly.

The relatively poor performance of models 4–8 is likely the result of underlying assumptions for the various func-
tional forms. In the analyses presented here, the Lamprey River data do not conform to the assumptions of these 
equations. For example, equations 4 and 5 (stretched exponential) assume that volume changes little compared 
to C (Table 1). As discussed above, this is an unrealistic assumption for most C-Q data sets and could ultimately 
constrain the ability of the model to predict well across orders of magnitude of Q. Equation 6 (log-linear), which 
had the highest RMSE scores, assumes little change in either volume or concentration. While the form of equation 
6 shares similarities with the first three equations, the assumption of little variability in both terms likely results 
in the poor model performance. Lastly, the performance of equations 7 and 8 (hyperbolic) is likely constrained by 
the assumption that the inflow has no dissolved solids and thus a conductivity of zero. Our empirical analysis of 
SpC using wet deposition, soil pore water, and baseflow (as a proxy for groundwater), demonstrates a dynamic 
range of dissolved solid inputs and outputs. The assumptions of equations 7 and 8 are likely not tenable in most 
watersheds around the world.

Hall attributes his observed model equifinality (although he does not use this phrase specifically) to the use of 
bulk measurements, such as total dissolved solids and EC (Hall, 1971). Bulk measurements of surface water 
chemistry likely contribute to model equifinality because they serve as proxies for concentration of multiple 
solutes simultaneously. This may even influence the results reported here for equations 1–3. Hall writes, “An 
examination of other chemical data, if available, along with knowledge of the stream help [sic] decide which 
model is most suitable” (Hall, 1971). Model convergence may then be driven by variable responses to flow among 
the different solutes characterized by SpC. For example, chloride, which contributes to SpC in the Lamprey River 
(Daley et al., 2009), is usually expected to dilute with increases in discharge (e.g., Hunsaker & Johnson, 2017; 
Rose et al., 2018). However, there are times of year within the Lamprey River where chloride concentrations 
increase with flow (Shattuck et al., 2023). Testing for variability among solutes that contribute to SpC as well 
as characterizing intra-annual and seasonal patterns of specific ions is key to understanding mechanisms behind 
model equifinality and for improved model performance.

We also observed differences in RMSE values between downscaled sensor data at the weekly scale and weekly 
grab sample data. It is not entirely clear why this difference in model performance exists. While the distribution of 
the data is very similar, there is a slight difference in the central tendency between the two data records with mean 
SpC slightly lower than downscaled weekly data from the sensor record (Figure 8). Notably, sensor locations 
can be slightly different than where grab samples are collected or grab samples may be collected consistently at 
certain times of day. Different locations in the channel or times of day may result in different hydro-chemical and 
metabolic dynamics that drive variability in the concentration and stoichiometry of those solutes that contribute 
to SpC. This could ultimately be expressed in reduced model performance of weekly grab sample data. While we 
were able to confirm that no diel patterns were impacting the grab sample data set, and our downscaled data sets 
contained no such differences to the raw sensor data, variability of sampling location and timing may impact low 
frequency data sets and ultimately model performance in other cases.

4.2. Assumptions of C-Q Models and the Recession Term

Broadly, C-Q analyses, and the use of linear models, contain many assumptions that likely impact model perfor-
mance. These assumptions, which are inconsistently addressed in the literature, include, for example, the homo-
geneity of landscape characteristics above the point of sampling, a well-mixed control volume and no preferential 
flows, and constant load. For instance, the assumption of no preferential flow may be tenuous in many water-
sheds. Flow heterogeneity, which is a function of variability in landscape and subsurface properties (McDonnell 
et al., 2007), has direct consequences for solute leaching (Radolinski et al., 2022; Šimůnek et al., 2003). The 
assumption of a constant load which underlies seven of the eight equations evaluated here (all but Equation 8), 
requires that C is inversely proportional to storage (S). For a linear reservoir, where Q is negatively correlated 
with S (e.g., equations 1 and 2), simple dilution should result in an inverse relationship between C and Q, or a 
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power-law slope b = −1. Simple dilution of a linear reservoir is frequently presented as a null hypothesis which is 
rejected if an observed C-Q slope is greater than −1 (e.g., Godsey et al., 2009; Wymore et al., 2017). A non-linear 
reservoir, however, embeds a different Q-S relationship where Q is inversely proportional to S n so that C relates 
negatively to Q −1/n. In this relationship, increasing the recession n drives the apparent C-Q power law b slope 
toward zero. The hypothetical case of simple dilution may therefore exhibit a wide variety of apparent C-Q slopes, 
depending on the non-linearity of the Q-S relationship.

To the extent that catchments can be represented as simple systems where outflow depends only on storage, 
computing the recession n may complement C-Q analysis. In the case of the Lamprey River, n = 0.877 so that 
simple dilution predicts a power-law C-Q slope b = −1.1. The C-Q data display a slope b = −0.13, which demon-
strates that simple dilution alone cannot explain the solute dynamics of the Lamprey River. Rather, if simple 
dilution were to explain C-Q relationships at the Lamprey River, a recession n of 7.7 would be necessary. Such an 
elevated value for n implies a pronounced response of Q for small changes in S, and the Lamprey River does not 
exhibit this behavior. However, a wide variety of recession behavior is observed in other watersheds throughout 
the continental United States, depending heavily on the technique used to carry out recession analysis (Tashie 
et al., 2020). It is therefore plausible that a wide variety of C-Q slopes could be generated for the hypothetical case 
of simple dilution. The recession slope n is a critical parameter of some C-Q models (see Appendix of Godsey 
et  al.,  2009), and this study emphasizes that recession analysis is a necessary consideration when evaluating 
controls on C-Q relationships.

Following Hall, we incorporated the n parameter to account for Q-S relationships. While we empirically deter-
mined n for the Lamprey River, and Hall used trial and error, both assessments used a single input value. 
However, catchment processes that are amplified or suppressed at different intervals of discharge, or at certain 
times of year, may create variability in the slope of the Q-S relationship. Incorporating variability from the Q-S 
relationship may increase model sensitivity to the recession n parameter. The evaluated equations all assume an 
unchanging mixing volume, and the quantification of bank-full discharges may explain why the simpler equa-
tions (e.g., equations 1 and (b) tended to overpredict specific conductivity at the highest flows especially at 
more coarse time intervals. While we intended to keep our analysis similar to Hall in certain ways, a post-
hoc analysis of the Lamprey River recession curve (Figure 6) reveals a significant breakpoint at a discharge of 
21,300 L/s, which equates to approximately a 1-year return interval based on flow-frequency analysis performed 
on an 87-year record (1935–2021) of USGS stream flow in the Lamprey River (Figure S3 in Supporting Infor-
mation S1). A statistically different slope above this inflection point translates to a new n parameter. Allowing 
for non-linear dynamics in the recession analysis may account for various catchment processes each with unique 
time constraints that do not conform to the assumptions of linearity (Buytaert et al., 2004), especially at the 
extreme ends of the flow distribution where most equations tended to underpredict concentration. The identified 
breakpoint in the Lamprey River likely represents bank-full discharges (Figure S3 in Supporting Information S1), 
and the expected expansion of flows into the floodplain may be engaging the numerous proximal wetlands that 
exist along the Lamprey River network. Expansion into floodplain wetlands can introduce new water depleted 
in specific conductivity (Johnston et al., 1990). This example of bank-full discharges and floodplain interaction 
exemplifies Hall's point for the need of site-specific knowledge (Hall, 1971). Identifying meaningful breakpoints 
in discharge via recession analysis provides site-specific criteria for the evaluation of C-Q relationships above 
and below critical thresholds.

4.3. New Opportunities to Understand Drivers of C-Q Relationships

The power-law model is widely used in the analysis of C-Q relationships, especially following the seminal 
“chemostasis” paper by Godsey et al.  (2009), and our results confirm its utility. Other key questions remain, 
however, regarding the statistical robustness and explanatory power of the power-law analysis. While commonly 
applied throughout the literature, a statistical evaluation of the regression relationship that describes the depend-
ency of C on Q is rarely performed, such that the C-Q power-law correlation is not usually compared to a null 
model. Data with strong autocorrelative characteristics, such as C and Q data, can artificially inflate explana-
tory power and type-1 error (i.e., false positive). Given the increasing availability of high-frequency data sets, 
traditional statistical evaluations of linear regression models may be limited because statistical significance (i.e., 
p-values) can be attributed simply to large sample sizes despite effect size of the predictor variable remaining 
small (Head et al., 2015; Khalilzadeh & Tasci, 2017). While beyond the scope of our study, approaches such 
as Monte Carlo simulations, Bayesian linear regression methods (Underwood et al., 2017), and/or time series 
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analysis would be valuable to incorporate into standard use of the power-law model to establish whether or not 
a C-Q relationship is in fact different from a random model (i.e., correlation value or regression slope credibly 
different from zero).

Our model results and observations open new opportunities to explore the utility of other forms of C-Q analy-
sis, raising questions of when and where different functional forms should be applied. We urge future studies 
of watershed export behavior to incorporate comparative C-Q analyses to garner additional insights on model 
performance across diverse settings. For example, model evaluation of a single or multiple solute type(s) (e.g., 
conservative geogenic solutes or reactive nutrients) across biomes, basins of various sizes, and landscapes with 
highly modified hydrology (e.g., urban or tile-drained agricultural streams) could provide additional guidance 
on model performance and application. The determination of best fit models has many practical implications 
including for the estimation of solute fluxes where parameters from the C-Q relationship are considered central 
pieces of information (Aulenbach et al., 2016; Preston et al., 1989). The body of literature using C-Q relationships 
to explore the controls on material export from watersheds has been working under multiple assumptions that 
are rarely acknowledged, including those regarding data transformations, constant load, a single mixing volume, 
and consistent and linear Q-S relationships. The assumption of constant load may not hold for solutes that have  a 
strong biological signature such as dissolved organic carbon, which rarely shows dilution behavior (Zarnetske 
et al., 2018). Solutes with strong seasonality also likely violate the assumption of constant load. Assumptions no 
doubt aid in balancing interpretation versus model complexity. Evaluating Hall's eight equations in the context 
of other solutes, and at sites with a highly characterized hydrological and critical zone architecture, may provide 
valuable insight into when and where we can apply the different forms of C-Q relationships developed by Hall 
nearly 50 years ago.
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